We describe a minimal unstable module presentation over the Steenrod algebra for the odd-primary cohomology of infinite-dimensional complex projective space and apply it to obtain a minimal algebra presentation for the cohomology of the classifying space of the infinite unitary group. We also show that there is a unique Steenrod module structure on any unstable cyclic module that has dimension one in each complex degree (half the topological degree) with a fixed alpha-number (sum of 'digits') and is zero in other degrees.
Introduction
The projective spaces RP (∞) and CP (∞) play a pivotal role in algebraic topology, and have an amazing combination of features. As Eilenberg-MacLane spaces they represent key cohomology groups. Contrastingly, in the past two decades we have learned that their cohomologies are unstable injective modules over the Steenrod algebra A (at p = 2 for RP (∞), and at odd primes p for CP (∞) when considering "complex" (i.e., evenly) graded modules) [1, 2, 6, 14] . This surprising feature has been key to solving famous problems like the Segal and Sullivan conjectures.
We might even imagine that by now we understand their cohomologies H * (RP (∞); F 2 ) and H * (CP (∞); F p ) very well. As an algebra each is polynomial on a single generator with A-action determined by extremely simple formulas. And as an unstable A-algebra each is free on one generator. What could be simpler?
But how well do we understand their A-module structures, which are key to what they actually tell us about other spaces? In exactly what way are these remarkable A-modules built from generators and relations in order to produce all the amazing properties of projective spaces delineated above? If we ask first for minimal Agenerators, this is the classical hit problem (i.e., which elements are not hit by the A-action), and it is not hard to answer this. We shall describe a minimal set of A-module generators {u(s)|s 0} for H * (CP (∞); F p ). In fact, for each integer s 0 the complex degree of the generator u(s) is the least integer d for which α(d) = s. (Here, and throughout this paper, "complex degree" will refer to one-half the topological degree, and the "alpha-number" of a nonnegative integer n, α(n), will mean the sum of the p-ary digits of n.) Going beyond the hit problem, the question of which A-relations are then necessary among these minimal A-generators in order to glue together precisely the cohomology of projective space is extremely delicate. Pleasantly, we find that they are not that great in number, are essentially unique, and can be written down explicitly.
We accomplished this for H * (RP (∞); F 2 ) in [9] , and will now do so for H * (CP (∞); F p ) (with p odd), where the answer has some fascinating extra twists but is still tractable. In so doing, we will analyze the cyclic subquotients of the Afiltration of H * (CP (∞); F p ) given by alpha-number of complex degree, and determine their minimal A-relations. The modules in this composition series are simple modules in the category U p /N il of evenly graded unstable A-modules modulo nilpotence described in [1, 5] . We also show that each of them is uniquely characterized as a cyclic unstable A-module just by having dimension one in each even degree with a fixed alpha-number for the complex degree, and dimension zero in all other degrees. The generators of these cyclic modules are just the images in the filtered quotients of the elements u(s).
There are considerable similarities between the odd-primary and the mod two cases. However, there are differences that are quite interesting. The filtered quotients in the mod two case are fairly well-known A-modules; i.e., they are isomorphic to the free unstable modules on single generators t 2 n−1 −1 in degree 2 n−1 − 1 subject to the A-relations Sq 2 k t 2 n−1 −1 = 0 for 0 k n − 3 [9] . In the odd-primary case, since the Steenrod algebra is concentrated in complex degrees divisible by p − 1, any A-module splits as a direct sum of p − 1 A-modules, each of these in degrees with fixed residue mod (p − 1).
We shall see that the filtered quotients of H * (CP (∞); F p ) are isomorphic to certain modules M n,a on generators t ap n−1 −1 in (complex) degrees of the form ap n−1 − 1, where 1 a p − 1, with a − 1 labeling the mod (p − 1) residue summand, and n further reflecting the filtration by alpha-number within this summand. If we let s = α(ap n−1 − 1) = (a − 1) + (n − 1)(p − 1), then ap n−1 − 1 is the smallest integer with alpha-number s. Hence the generator of M n,a is in the lowest degree with its alpha-number. In this case the minimal A-relations include the expected P p k t ap n−1 −1 = 0 for 0 k n − 3, but also include either one or two additional relations that depend on a. These modules M n,a are quite interesting: Since they have dimension one in degrees with alpha-number equal to that of ap n−1 − 1, are zero in other degrees, and this uniquely characterizes them as cyclic A-modules, they may be regarded as basic building blocks of structures having to do with alpha-number. Moreover, they are analogs to an interesting phenomenon at the prime 2.
At p = 2, Franjou and Schwartz [3, 13, 14] considered the category V n−1 /V n−2 . (V n−1 is the full subcategory of U/N il, i.e., modulo nilpotence, with objects the unstable A-modules of weight n − 1, i.e., trivial in degrees with alpha-number greater than n − 1.) They showed that V n−1 /V n−2 is equivalent to the category of right modules over the group ring F 2 [Σ n−1 ] on the symmetric group. The cyclic unstable A-module we described above, on t 2 n−1 −1 with relations Sq 2 k t 2 n−1 −1 = 0 for 0 k n − 3, is of dimension one in each degree with alpha-number n − 1, and dimension zero in all other degrees, and thus corresponds under this equivalence of categories to the unique nontrivial rank one module over
Our A-modules M n,a are odd-primary versions of these mod 2 A-modules, occupying a similar spot in the odd-primary analogue (see [1, p. 395] and [5] ) of the theory in [3] of reduced unstable mod 2 A-modules. One of our theorems produces bases for the M n,a that show that they are reduced and have weight exactly α = α ap n−1 − 1 , i.e., lie in V α − V α−1 in the filtration of U p /N il. It would be interesting to find a direct proof, without using our basis theorem, that M n,a is reduced and lies in V α . Such information might lead to an alternate proof of some of our results by invoking an odd-primary version of 2-primary results in [3] .
Finally, in roughly the same way that our minimal A-presentation of H * (RP (∞); F 2 ) led to a minimal unstable A-algebra presentation of the symmetric algebra H * (BO; F 2 ) [9] , our minimal unstable A-module presentation for H * (CP (∞); F p ) will lead to a minimal unstable A-algebra presentation of the symmetric algebra H * (BU ; F p ). Many of our methods will be the same ones we used in [7, 9, 10 ] to determine minimal relations for unstable A-modules and A-algebras. A fundamental element of our computations is the odd-primary even topological Kudo-Araki-May algebra, K, whose definition and properties we developed in [11] , and which is well-suited to studying unstable A-modules. We summarize necessary ingredients from this material in an appendix to the present paper.
In the following section we shall list the principal results of this paper.
Definitions and principal results
To set the stage, we work with coefficients in the field F p , for p an odd prime. We consider only evenly graded modules over the Steenrod algebra A (with no Bocksteins), and generally use the complex degree (half the topological degree) throughout to describe the grading. N.B: Every A-module in this paper will be assumed unstable without further mention.
The hit problem for H * (CP (∞)) = F p [u] is easily solved. The formula for the action of the Steenrod algebra Our main theorem is the following, whose proof will occupy most of this paper. For 0 l n − 3,
and for a 2,
while for a = 1
A sketch of the proof is as follows. It is straightforward to check
Proposition 2.3. Our claimed set of relations is satisfied in H * (CP (∞)).
Proof. The proof is left to the reader.
Thus the proof of the presentation will primarily involve showing that this set of relations is sufficient, i.e., that H * (CP (∞)) has the same graded rank as the quotient M of the free (unstable) A-module on generators in the specified degrees by the sub-A-module generated by the set of relations. To analyze this, we shall filter the two modules compatibly over A, in a fashion related to the alpha-number of (complex) degree. We shall first describe a basis for each filtered quotient of H * (CP (∞)), using monomials from the Kudo-Araki-May algebra K applied to a generating class. Although any element described using K can in principle also be described using A (and vice-versa) by iterating the conversion formula
where u is a module class of (complex) degree q, in practice it seems that K, whose algebra structure is dramatically different from that of A, is often much more transparent for describing bases of unstable A-modules. In this case, we will provide a basis for H * (CP (∞)) expressed in terms of K-monomials we call "chosen". Then we show that these same chosen monomials produce a basis for the corresponding filtered quotient of M, by showing that every element of M can be expressed in terms of chosen monomials. This determination that chosen monomials suffice to span M, based on its abstract defining relations, is the lengthy part of the proof. We refer the reader to our appendix for a summary of relevant information about K. Finally, the proof will also verify that the relations we give are all necessary.
We begin the process of describing our "chosen" monomials in K with some definitions. The fact that these particular monomials will have something special to do with the alpha-number of degrees is not at all obvious, and will emerge in our proofs. 
We also recall from the appendix the following definition in K.
We recall that the admissibles are a basis for K, and note that every chosen monomial is admissible. Also notice that the definition of chosen refers only to monomials in K, having nothing directly to do with the degree of a class of application in a module.
We also recall here that a basis for the free unstable A-module on a class in degree m consists of applying all admissibles in A of (complex) excess less than or equal to m, or, equivalently, admissibles d I ∈ K with final index less than m.
We are almost ready to describe H * (CP (∞)) in terms of the monomials we have labeled as chosen.
where α(k) denotes the alpha-number of the integer k. One can check from the equation at the beginning of this section that this is a filtration by sub-A-modules.
is concentrated in, and of rank one, in precisely those (complex) degrees with alpha-number s. As we noted above, if we write s = q(p − 1) + r, where 0 r p − 2, then the smallest degree with this alpha-number has p-ary representation (r, p − 1, . . . , p − 1), and is (r + 1)p q − 1, which is precisely the degree of a minimal A-module generator already noted above for H * (CP (∞)). So there is a correspondence between the filtered quotients and the minimal generators. It is not surprising that the quotients turn out to be cyclic modules over A (equivalently K) on these generators. The important content of the following theorem is the explicit systematic identification of a single 
has as a vector space basis the set of all unstable
Remark 2.12. In particular, this theorem tells us that the chosen monomials in K, applied unstably to any element in a degree of the form ap n−1 − 1 (for a p − 1), land in precisely one-to-one fashion in all degrees with the same alpha-number. This will be true in any module; the theorem indicates that in H * (CP (∞)) they all represent nonzero elements as well. Now we define the abstract module we claim presents H * (CP (∞)).
Notation 2.13. Let F be the free A-module on abstract classes t ap n−1 −1 , for 1 a p − 1 and n 1 (where subscripts indicate the complex degree of each class, here and in the future). Let J be the sub-A-module generated by the following relations: For 0 l n − 3,
Define M to be the quotient A-module F/J.
Next we wish to filter M in a fashion compatible with the filtration of H * (CP (∞)). We again use the correspondence between natural numbers s and the smallest degree with s for its alpha-number, described by writing s = q(p − 1) + r (for 0 r p − 2), yielding the smallest degree (r + 1)p q − 1 = (r, p − 1, . . . , p − 1) with this alpha-number. Notice that the correspondence is monotonic. Notation 2.14. Let F s M denote the sub-A-module of M generated by all t's of degree less than or equal to the degree (r + 1)p q − 1 with alpha-number s. Let M n,a denote the cyclic subquotient module of this filtration with generator in degree ap n−1 − 1 (obtained by letting r = a − 1 and q = n − 1 determine s, and defining
As we did for H * (CP (∞)), we now wish to analyze the filtered quotients M n,a , and ultimately to see that they agree with those of H * (CP (∞)).
Remark 2.15. We note that M n,a has a single A-generator t ap n−1 −1 , subject to the following A-relations:
We define a map from F to H * (CP (∞)) by taking each t ap n−1 −1 to u ap n−1 −1 . By Proposition 2.3, this map carries the submodule J to zero, so there is an induced map M → H * (CP (∞)). This is the map we shall show is an isomorphism.
Remark 2.16. From our earlier results and discussion it is clear that this map is welldefined, respects the filtrations on M and H * (CP (∞)), and is an epimorphism. Theorem 2.2 will result from seeing that this map induces A-isomorphisms on the filtered quotients. This is ensured by the next theorem, whose proof occupies the bulk of the paper, determining a basis for M n,a analogous to that of Theorem 2.11 for the filtered quotients of H * (CP (∞)).
Theorem 2.17 (proven in Section 4). A vector space basis for M n,a consists of the set of all unstable
d I t ap n−1 −1 where d I is chosen.
Corollary 2.18. From this theorem and Theorem 2.11, the map M → H * (CP (∞)) defined above induces isomorphisms
where s = α ap n−1 − 1 . In particular, M n,a is therefore concentrated in degrees with alpha-number s, and always has rank one there.
The presentation of H * (CP (∞)) in Theorem 2.2 is now essentially immediate. We make this explicit, and verify the minimality of the relations, in Section 5.
We established above that the abstract modules M n,a are cyclic unstable A-modules that have dimension one in degrees with alpha-number equal to that of ap n−1 − 1 and are zero in other degrees. Their importance is underscored by the fact that this characterizes them uniquely:
We now move to our minimal presentation of H * (BU ) as an unstable A-algebra. Our intention is to identify a minimal sub-A-module (itself minimally presented as an A-module) that generates H * (BU ) as an A-algebra, form the free unstable A-algebra on this module, and then impose a minimal set of A-algebra relations to obtain H * (BU ). As all products vanish in the cohomology of S 2 ∧ CP (∞) + since it is a suspension, the induced map on indecomposables is an isomorphism. (An alternative way to see that
is via the mod p Wu formulas in H * (BU ); see [12, 15] .)
Since the indecomposable quotient QH * (BU ) is isomorphic as an A-module to the double (topological) suspension of H * (CP (∞)), then by Proposition 2.1 the set of Chern classes {c ap n−1 | 1 a p − 1 and n 1} is a minimal set of A-algebra generators for H * (BU ). Hence up to algebra decomposables we will find in H * (BU ) the double suspension of the relations in the module M that minimally presents H * (CP (∞)). We list these analogous relations in H * (BU ):
Remark 2.21. Since the relations in Theorem 2.2 were verified in Proposition 2.3 to hold in H * (CP (∞)), we have the following relations in H * (BU ): For 0 l n − 3,
Here D 1 (a, n, l), . . . , D 4 (a, n) are decomposable polynomials in the elements
that may, in principle, be computed using the mod p Wu formulas [12, 15] .
We shall prove that these form a minimal set of relations for H * (BU ) as an unstable algebra over the Steenrod algebra.
Since there are decomposables to contend with amongst the equations connecting these Chern classes, we do not immediately impose A-module relations on our abstract generators imitating the generating Chern classes. Notation 2.22. Let N be the free (unstable) A-module on abstract classes τ ap n−1 , for 1 a p − 1 and n 1.
Let U (N ) be the free unstable A-algebra on the A-module N (the odd-primary analogue of [16, pp. 28-29] ). Let I be the A-ideal in U (N ) generated by the following relations:
For 0 l n − 3,
(Here D 1 , . . . , D 4 are the polynomials in the preceding remark with the Chern classes c ap n−1 replaced by the elements
We define a map U (N ) → H * (BU ) by taking τ ap n−1 to the Chern class c ap n−1 . Since the ideal I is taken to zero by this map, we obtain a map φ : G → H * (BU ). We shall check that the induced map Qφ on indecomposable quotients is an isomorphism. Since H * (BU ) is a polynomial algebra, we obtain our presentation for H * (BU ). 
Proof of Theorem 2.11
Fix the nonnegative integer s. Let k 0 be the smallest nonnegative integer for which α(k 0 ) = s. We shall define a bijection between the set of chosen monomials
Of course we will need to show that this assignment is valid, nonzero, and creates a one-to-one correspondence between the chosen monomials and the degrees k with α(k) = s.
We begin with a short calculation showing that the assignment always lands in the correct degrees.
There exist a (with 1 a p − 1) and n such that
, where i q−1 = 0 and q n.
, then by iteration we have k of the form (see the appendix to recall calculation of degrees involving K)
An induction based on this formula yields the following lemma.
Next we will reverse this calculation, beginning solely with a degree m with α(m) = s, and finding a chosen monomial d i d j · · · d l that produces a basis element in H 2m (CP (∞)) when applied to x k0 . The formulas above will be our guide. We note that in the formula for m we had
This motivates us to define q from m as follows:
Definition 3.2. Let q 0 be the least integer such that q r=0 m r q(p − 1). With q in hand we can continue to solve from the equations above for k and i. Definition 3.3. Let q be as just defined, and set
Note that from the definition of q, for r 0 we have 0 k r p − 1, and that for 0 r q − 1 we have
Note that if m = ap n−1 − 1, then i = k = m, and that otherwise i < k.
Next we check that for the i we have defined, x m is actually in the image of d i . In H * (CP (∞), we have, for any i and k, the formula
Using this, we compute that for our defined m, k, and i,
Now we continue this prescription backwards to produce a chosen monomial connecting x k 0 to x m . We note that the digits of i are nondecreasing, so it is chosen. Further, we note that if we start with k as just defined in place of m and iterate the process to find a j by the same recipe we used to define i, we obtain j r = p − 1, for r q − 2 and
So, inductively, we can start with an integer m such that α(m) = s, and produce a
where k 0 is the least positive integer such that α(k 0 ) = s. This shows that assigning to a monomial
k0 , then apply our backwards algorithm above to find a new value for i, that the algorithm produces the same value for i that we began with in the chosen monomial.
Summing up, we have shown that the set of elements
This proves Theorem 2.11.
Proof of Theorem 2.17
From Theorem 2.11 and the remark following it, the map of filtered quotients from M n,a to the corresponding filtered quotient of H * (CP (∞)) provides a nonzero representation of all the chosen unstable monomials on x ap n−1 −1 in H * (CP (∞)), with exactly one chosen in each degree with the same alpha-number as ap n−1 − 1, and none elsewhere. Thus to prove that the chosen monomials applied unstably to the generator of M n,a provide a basis for the module, we need only show that they span M n,a . Our strategy will be to show that each admissible monomial that applies unstably to the generator u m of M n,a can be expressed in M n,a as a multiple of a chosen unstable monomial on u m . Here m = ap n−1 − 1 is the degree of the generator, with 1 a p − 1.
We will frequently and often without mention use the Adem relations in the Steenrod algebra:
with P t in complex degree (p − 1) t. We will also often use without mention the fact that the initial relations in M n,a (in Remark 2.15) clearly make any terms P t u m = 0 for 0 < t < p n−2 . The other relation in M n,a involving a single Steenrod operation will be used in the proof for length one monomials, and the relations involving 2-fold monomials will be used in Lemmas 4.19 and 4.21.
Length one monomials
We shall prove Theorem 2.17 in stages. We note that the set of monomials Proof. By definition, d j is chosen if the digits of j are nondecreasing. That is, if we write
So for P t u m to be chosen, we need, writing
Thus if P t u m is unchosen, we must have t n−1 < t n−2 − (p − a) or t r < t r−1 for some 1 r n − 2.
The requirement that P p i u m = 0 for 0 i n − 3 yields immediately that P t u m = 0 for all 0 < t < p n−2 , i.e., when t n−1 = t n−2 = 0. Further, if t n−1 = 0, then the requirement that P (p−a+1)p n−2 u m = 0 tells us that P t u m = 0 for all t such that (p − a + 1)p n−2 t < p n−1 . Henceforth assume that either t n−1 or t n−2 is nonzero. We shall induct on the degree of P t u m . Fix a value of t and suppose that all unchosen P s u m = 0 for s < t. Case 1. Suppose P t u m is unchosen and that there is an 1 r n − 2 for which t r < t r−1 . (Note that this must happen if a = 1.) Then one can check that P t−p r u m is unchosen and in lower topological degree than P t u m , so we may assume inductively that P t−p r u m = 0. Suppose there exists a least integer 0 s r − 2 such that t s = 0. Then P t−p s u m is unchosen and
So, without loss of generality, we may assume that t r−2 = · · · = t 0 = 0. We have
If a = 1, then this is the only possible case; this completes the proof when a = 1. Case 2. Suppose that t n−1 < t n−2 − (p − a). (Then a > 1.) Without loss of generality, as above, we may take t n−3 = · · · = t 0 = 0, so that t = t n−1 p n−1 + t n−2 p n−2 . Noting that in this case P p n−2 P t−p n−2 u m = (t n−2 )P t u m , we may assume that t n−2 = t n−1 + (p − a) + 1. When t n−1 = 0, we have that P t u m = 0 is one of the defining relations for our module.
There remains only to consider t n−1 > 0. Using Adem relations, we get the following formulas, using the inductive hypothesis on degree to eliminate needing to write down many terms:
and
n−1 −···−p−1 u m are unchosen and of lower topological degree than P t u m , then inductively they are zero. We have a matrix equation M X = 0, where
This matrix is nonsingular since its determinant mod p is (−a + 1 − t n−2 ) (−1)
n , which is nonzero since t n−1 > 0. Hence all entries of X are zero. In particular P t u m = 0.
Length two monomials
The proof for length one monomials proceeded by induction on topological degree. The remainder of the proof that the chosen monomials span M n,a will continue this way. Within each topological degree we also order the admissible unstable monomials on u m as follows: Remark 4.3. Note that our ordering is only defined for admissible monomials that are unstable when applied to u m (i.e., their final subscript is less than m). If an admissible is not unstable when applied to u m , then it will collapse to zero or to an admissible unstable monomial of shorter length when applied to u m .
Remark 4.4.
Although our ordering is only defined for admissible monomials, note that a K-Adem relation (see appendix) applied to an inadmissible always produces admissible terms of lower lexicographic order than the inadmissible. We may use this without mention in calculations. 
Remark 4.8.
A very useful formula in the Kudo-Araki-May algebra is the following, for i j: 
• the index i > i(j).
Our general strategy now is to find d i d j u m in the image of a Steenrod operation from a lesser topological degree, and to apply the inductive assumptions to see that it is a sum of terms of lower order than itself. The numerous cases that will need individual consideration stem from the fact that the Steenrod operation required depends on the p-ary representations of i and j. In particular, for the rest of the proof we will let r denote the greatest integer for which i l = j l = p − 1 for 0 l < r. We note that if r = n − 1 (r = n − 2 if a = 1), then d i d j u m is automatically chosen, so we may also assume henceforth that
• the index r satisfies 0 r n − 2.
The lemmas in the rest of this section have as their common goal to show that if d i d j is unchosen and satisfies the four bulleted restrictions above, then d i d j u m can be expressed as a sum of lower order terms. We thus combine the bullets as a set of common hypotheses for all lemmas that follow, and together the succeeding lemmas will cover all possibilities for the p-ary representations of i and j subject to these hypotheses. Common hypotheses for all succeeding lemmas: We assume that d i d j is admissible and unchosen, j < m, both d i and d j are chosen, and i > i(j). Also, with r denoting the greatest integer for which i l = j l = p − 1 for 0 l < r, we assume that 0 r n − 2.
Before beginning to cover particular cases, we pause for two preparatory lemmas for showing that many types of terms in M n,a are actually zero by climbing up inductively from lower degrees in which we already know that M n,a is zero. These two lemmas do not depend on the common hypotheses.
Lemma 4.10. Suppose that α(|d
i d j u m |) = α(m). Then for 0 l r − 1, α(|d i d j u m | − (p − 1)p l ) < α(m).
Hence, by the inductive assumption, all terms in degree |d
Proof. We have
The result follows immediately.
Proof. This is presumably well-known. It follows immediately from the Adem relations.
Notice how these two lemmas can work together to show that a term is zero. If
, and if we can see that d i d j u m is in the image of P qp k +s , where 0 < s < p k and k r (i.e., it is in the image of P l where l ≡ 0 (mod p r )), then it is in the image of zero. Now we begin covering particular cases of the form of the p-ary representations of i and j. Throughout we will continue frequently to use Adem relations on inadmissibles without explicit mention, as well as the basic relations in M n,a that P t u m = 0 for 0 < t < p n−2 , the fact that 1-folds are of lower order than 2-folds, and our result already proven for 1-folds. 
Further,
Subtracting i, we get
We compute: 
Part 2. Note that
We aim to hit this with P
(with possible abuse of notation since i r + 2 may not be a valid digit), and We compute
unchosen for values of t between 0 and p r−2 .
Iterating this analysis creates a downward induction which allows us to conclude
It is unchosen, so it is the sum of lower order terms. What can they be? Well,
(as above, i r + 1 might not be a valid digit), and As above, we may write
We compute
So, since i r = j r , by the definition of r we have j r = p − 1.
So the only values of i to consider are i(j) < i i(j + p r ) and j r = p − 2. Here, we have j r = i r , so the preceding lemma applies. Proof. We may write
Further calculation with the Adem relations gives
It is in lower topological degree, so it is a sum of terms of lower order than itself. Hence P Proof. We have, using the basic module relations,
By our inductive assumption, M n,a is isomorphic to the corresponding filtered quotient of H * (CP (∞)) in topological degrees below that of
, where we label the generator x. We have
where Proof. We have
where
We have
There is a chosen monomial in this degree; it is
Using the inductive assumption, we compute that
We now compute (−1) i+j+1 P p r+1 on both sides of this equation. On the left-hand side, using the Adem relations, we obtain 
Next, we have, again using the Adem relations, that and
By the inductive assumption,
We now compute P 
On the right-hand side, P Proof. We have
If a = 1, then the conclusion is an immediate consequence of one of the defining relations for our module. So let a > 1.
Begin by noting that there is a chosen in the degree of
Hence the alpha-number of this degree is α(m), so we may use Lemmas 4.10 and 4.11. Now consider
Inductively it is a multiple of the chosen in this topological degree, which is a 1-fold, d i−p n−2 u m . We may then compute, as in the preceding lemmas, that P
We also compute
We shall show that the second term on the right is of order lower than
The left side is of lower order for the same reason that P 
n−3 u m and P
n−3 u m lie in degrees with lesser alpha-number and hence are zero by the inductive assumption. We compute that
n−3 u m + terms that are zero by Lemmas 4.10 and 4.11.
If p = 3, P 3p n−2 +p n−3 u m is unchosen. For p = 3, a calculation similar to the preceding one shows that 
can be expressed as a sum of lower order terms.
Then we are to prove that
Notice that i n−1 = 0 by unchosenness, and i n−1 a − 1 by admissibility, so we are considering 1 k a − 1.
For k = 1, this equation is one of the defining relations for our module. Inductively assume that the relation holds for a fixed value of k. We shall apply P p n−1 to both sides of the equation and use Adem relations. On the left-hand side,
On the right-hand side,
We shall prove that
Granting this, we compute
Combining terms, simplifying, and cancelling k, which is nonzero mod p, we obtain our goal:
Next, we note that P
n−3 u m = 0 by Lemmas 4.10 and 4.11 (which apply in this degree because there is the chosen 1- The left-hand side is zero by alpha-number. This completes the proof of the lemma. Proof. We have
By the previous lemma, there is a unit A such that
So, using the preceding lemma and Remark 4.8, we compute 
Higher-fold monomials
We now move to the proof for three-and higher-folds. In this part, we consider Taking l = a − 2, we obtain the desired relation. Now take a = 1. We compute, using Lemma 4. In all cases, the defining relations for M n,a are satisfied in M . Hence taking t ap n−1 −1 to u defines an A-module map M n,a → M . Since M is cyclic, this map is surjective. By Theorems 2.11 (and its remark), 2.17, and the hypothesis on M , it must be an isomorphism.
We next give the proof of the presentation for H * (BU ).
Proof of Theorem 2.23. Recall the A-algebra map φ : G → H * (BU ) defined by taking τ ap n−1 to the Chern class c ap n−1 . By the definition of G, the following relations are satisfied in the indecomposable quotient QG:
The odd-primary (even) topological Kudo-Araki-May algebra K is the F pbialgebra (with identity) generated by elements {d i : i 0} subject to homogeneous (Adem) relations The F p -cohomology of any space concentrated in even dimensions is an unstable algebra over the Steenrod algebra A with no Bocksteins, and there is a correspondence between unstable A-algebras and unstable K-algebras, completely determined by iterating the conversion formulae:
where u q is a cohomology class of (complex) degree q.
Since the degree of the element is involved in the conversion, and this changes as operations are composed, the algebra structures of A and K are very different, and the skew additivity of the bigrading in K reflects this. Note for use in calculation that since P q−j has complex degree (p − 1) (q − j), the complex degree of . Finally, and used in our proofs, the K-algebra structure obeys the (Cartan) formula according to the coproduct φ in K:
